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PIECEWISE LINEAR COMPUTER MODELLING OF LARGE STRAIN CONSOLIDATION

Abstract

Fine-grained mining wastes represent a major disposal problem in the
United States. In Florida, as a by-product of the phosphate beneficiation
process, over 50 million tons (dry weight) of highly plastic waste clay slurry
are produced each year and stored in waste disposal ponds. These waste clays
have very poor settling characteristics, with required times of 10 to 20 years
for any significant degree of consolidation depending upon pond depths and
material parameters. For efficient pond management, containment area sizement
and reclamation, the rate and magnitude of consolidation is of paramount
importance. Since field monitoring is not practical due to the lengthy time
span, centrifugal and computer modelling offer viable alternatives to evaluate
these consolidation rates and magnitudes.

Several consolidation computer programs based on the Gibson, England, and
Hussey (GEH) theory (1969), and a piecewise linear program based on a spatial
representation of finite strain, have been developed. However, GEH programs
cannot model non-homogeneous profiles and the piecewise linear program has
difficulty modelling initial filling conditions. Furthermore, no multiple
layer large strain consolidation model, either finite strain or piecewise
linear, has been developed. These drawbacks limit the applicability of com-
puter modelling. Since piecewise linear theory is simpler than GEH theory,
and allows for non-homogeneous profiles, a large strain piecewise linear

program was developed which allows for any filling scheme in single layer



consolidation (UF-McGS) and a method of solution for piecewise linear multiple
layer consolidation model is outlined.

Results indicate that the UF-McGS model has excellent agreement with GEH
theory for quiescent consolidation, quiescent consolidation with surcharge,
and continuous fill. Also, the UF-McGS model agreed with a closed form

solution developed for homogeneous quiescent clays.



CHAPTER ONE | NTRODUCTI ON

Gener al

Phosphate is the primary source of phosphorus in
inorganic fertilizers with approximately 80% of the United
States' requirements and 30% of the world' s needs mned in
the state of Florida. The matrix of the excavated material
s typically composed of [/3 phosphate, |/3 granul ar
materials (sand), and |/3 clays (montmorillonite,
attapulgite, illite, and kaolinite) (Bl oomguist, 1982). The
beneficiation process converts the matrix to a dilute
solution from which the phosphate is skimed, the granul ar
material screened, |leaving a dilute clay slurry for
di sposal. For economi cal, as well as mning (water
recovery) reasons the slurry,which ranges anywhere from 2 -
6% sol i ds content (solids content = W/ W, is punped into
| arge retention ponds and allowed to settle/consolidate
However, since the volume of waste slurry generated fromthe
ore extraction process exceeds the volume originally
occupied by the matrix, |arge above ground earth dikes
(anywhere from 3 - 15 m high) are needed to inpound the
clays, as shown in Figure 1.

The adverse inpact of this waste disposal technique is:
(1) It ties up tremendous quantities of water; and (2) it
prevents the devel opnment of valuable land (close to 100, 000

acres) for agricultural, residential, and/or comerci al



Typical Phosphate Impoundment Site

Figure 1.1.



purposes for many years. As a result, significant effort

has been expended in finding the nost accurate way to

predict the rate of consolidation and the final density

(final height) of the waste deposits. Such predictions are
necessary to estimate the ultimte storage capacity of a
di sposal area and the time required to achieve its
recl amation.

The physical problem associated with large strain
settlement may be subdivided into three phases: 1)
settling/sedimentation of the suspended fines, 2) hindered
settling, and 3) self-weight consolidation of the sedinment
| ayer. After placenment of a dilute slurry into an
| mpoundnent, initial sedimentation occurs until particles
begin to interfere with one another (hindered settling), and
finally achieve a density where interparticle stress is
transferred (consolidation).

Since sedinmentation rates for phosphatic clays are
several feet per day (Bromwell, 1984), the initial
sedi mentation appears to occur very quickly conpared with
the rates of consolidation. In practice, the rate of
sedi nentation does not strongly influence the design
capacity of a waste inpoundment, since its useful life
compared W th sedinmentation tinme, is usually a matter of
years than with a few days to several weeks after
deposition. (Bromwell, 1984: Wssa et al., 1983). MRoberts
and Ni xon (1976) present a theory of sedinmentation used to

predict the behavior of this phase. Wen the sedinmentation



process cones to an end as particles cease to behave as
I solated particles or flocs in a suspension, thus acting as
a continuum with properties described by traditional
paranmeters, the consolidation phase begins. However, there
Is a transition period where sedinentation and consolidation
occur sinultaneously throughout the cross-section of an
| mpoundment. However, little work has been done towards
|l inking sedimentation and consolidation in a single
framework (Schiffman et al., 1985).

The driving process behind the consolidation phase for
fine grained slurries is governed by the body forces of
self-weight (Been and Sills, 1981), as the soil conpresses
under its own buoyant weight. Typically, phosphatic clay
consolidation begins around a solids content of 10%
(Bromwel I Engineering, 1979), although this value nay vary
dependi ng upon the initial solids content and the height of
the slurry (Keshian et al., 1977). This consolidation phase
Is critical in inmoundment design, and has received
considerable research attention in the |ast decade.

Unfortunately, the rate of settling of waste clays has
hanpered this research, and field tests are linmted by the
high cost and the length of time required, for each
experinent. Thus, centrifuge and conputer nodelling offer
the only practical techniques for predicting large strain
consol i dati on. However, the forner is limted by scaling
relationships and the latter by |aboratory determ nation of

| nput paraneters.



Due to the large volume change associated with slurried
m neral waste consolidation (i.e phosphatic clays), the
classic Terzaghi theory, which assumes infinitesiml strain
| inear consolidation, does not apply. Instead, it is
essential that a finite strain nonlinear consolidation
theory be used. The nost general and accepted programs in
phosphat e consol i dation were devel oped by Dr. Frank Sonogyi
who used finite strain, nonlinear consolidation theory in
terms of reduced coordinates (to be discussed in Chapter 3)
to develop a series of conputer prograns that can simlate
virtually any sequence of filling and quiescent settling,
with or without surcharge. These prograns have been used
extensively for the design and nanagenent of disposal areas
of several hundred hectares (Carrier et al.,1983). However,
the followi ng characteristics are present and may be of

consi deration:

1. The constitutive relationships for the materi al
properties (void ratio, effective stress, and
permeability) can only be input as power curves.

2. The deposits analyzed nust have a honogeneous void
ratio profile.

3. The specific gravity of all the solids in the
I mpoundment is assumed to be the sane.

4, Only one set of material properties can be anal yzed

(does not allow for multiple layer analysis)

o

The prograns do not possess graphics capabilities.



6. An inplicit finite difference schene is used to
solve the governing recurrence formila.
7. In order to nmodel intermttent filling, severa

prograns need to be run.

Noting the drawbacks inherent in representing finite
strain theory in reduced coordinates, Yong, et al. (1983),
devel oped a large strain consolidation program utilizing
spatial piecewi se |inear (physical and consolidation
parameters are assuned to be constant at a specific tine,
but are updated as time progresses) theory, which allowed
for analysis of non honogeneous profiles. However, the
following characteristics are present in this program and
may be of consideration:

1. Initial filling conditions are difficult to nodel

2. When continuously filling, new nmaterial added as
time progresses nust have the same void ratio as the
previous material.

3. Void ratio is defined in terns of clays, bitunen,
organi cs, and non-clays, since the program was
originally developed to analyze the consolidation of
tailings discharge from tar sands processing (Yong
et al., 1983).

4., Only one set of material properties can be anal yzed
(does not allow for multiple layer analysis).

5. No graphics capabilities, and cunbersone input of

the material properties.



6. Stability and convergence restrictions associated
with utilizing an explicit finite difference scheme
to solve the piecew se linear reccurence fornula

require lengthy analysis.

bj ecti ves

The follow ng objectives were pursued in this reseach:

1. To modify an existing piecew se |inear conputer
program (Yong) to allow for initial filling and to
inprove its existing features and applicability.

2. To conpare spatial with reduced representation
finite strain nonlinear consolidation theory
whenever applicable.

3. To predict a series of nodel ponds.

4. To develop a nultiple layer piecew se |inear |arge

strain consolidation nodel.

Scope
Based upon Yong's piecewi se |inear conputer code as

documented by Hernandez (1985), a general one di mensional
| arge strain consolidation programwas devel oped, "UF-MGS"
(University of Florida - McGIIl University Single Layer),

with the follow ng features:

1. Interactive and batch input.
2. Input and output paraneters in three unit systens.
2. Built-in batch editor.



3. Lotus 1-2-3 conpatability for graphics.

4,  General definition of void ratio, based on clay,
sand, and other solids.

5. Calculation of the average degree of consolidation
based on void ratios.

6. Print control paraneters selected by the user.

7. Automatic generation of power curves to determne
the relationship between the void ratio, effective
stress,and pernmeability, or allow for manual input

of relationships other than exponential.

8. Allowance for analysis of any sequence of filling
and quiescent settling, including surcharge
| oadi ng.

9. Two output files, one describing the effective
stress, pore pressure, and void ratio distribution
at particular times determned by the user and the
ot her showi ng the change in height, average degree
of consolidation, and average solids content wth

tine.

This model was verified against an available closed
form solution, and the Sonmogyi nodel, when applicable
These verifications were made by predicting a series of
ei ght ponds. Also, parametric studies were performed so as
to determne the nost efficient way of running the UF-MGS
and Somogyi models. I nteractive input capabilities,

including a built-in batch file editor for Somogyi's



@US program and expansion of the dinmension statenents
for all Sonmogyi prograns were added so as to make
paraneteric studies easier. A piecewise linear multiple
| ayer consolidation nodel is devel oped, and a nethod of

solution 1Is outlined.



CHAPTER TWD
LI TERATURE REVI EW

| nt roduction

This chapter will discuss the evolution of one-
di mensi onal consolidation theories, beginning with
"classical" theory, as developed by Terzaghi; through finite
strain theory in ternms of reduced coordinates, as devel oped
by G bson, England, and Hussey (GEH); and piecew se |inear
theory in terms of convective coordinates, as devel oped by

A son and Ladd, and later used by Yong.

Conventional Theory of Consolidation

The theory of consolidation is a continuum theory
designed to predict the progress of deformation of an
element of a porous material when this element is subjected
to an inposed disturbance. Its origins can be traced back
to the one-dinmensional theory of consolidation fornulated by
Karl Terzaghi in 1923. This formulation was a finite strain
theory, but it was assumed that the conpressibility and the
reduced coefficient of permeability were constant. The
latter is defined as k/(1l+e), where k is the conventionally
measured coefficient of permeability, and e is the current
void ratio (Schiffman et al., 1985).

10



The original one-dinensional theory of consolidation
was reformulated in 1942 by Terzaghi into what is known
today as "conventional" or "classical" theory which assumes
infinitesimal strains, constant conmpressibility, and
permeability. However, it is wdely recognized that
conventional theory assunptions are only approximately
satisfied, and the error arising fromsuch assunptions wl|
depend on the magnitude of the load increnent, and of the
void ratio changes (QGbson et al., 1967). Studies by G bson
et al. (1981), Schiffman et al. (1985), and MVay et al
(1986), show that for highly conpressible saturated soils,
such as the ones encountered in phosphatic waste di sposal
areas, conventional theory will seriously overestimte the
time of consolidation and underestimate settlement and the
amount of excess pore pressure at a given time, due to the
assumed rigidity of the skeleton.

Recogni zing the limtations of classical theory, as
di scussed by G bson et al. (1967), several authors such as
Richart (1957), Lo (1960), Schiffman and G bson (1964),
Davis and Raynond (1965), Janbu (1965), and Barden and Berry
(1965), attenpted to extend the classical theory to account
for the variation of perneability and conpressibility based
on small strain theory. For exanple, Schiffmn and G bson
treated the nonlinearity of stress-strain and stress-
permeability as a spacially dependent problem (Hernandez,
1985). Davis and Raymond extended the classical theory to a
nonlinear one by assum ng the coefficient of consolidation

11



to be constant while the conpressibility and perneability
are both allowed to decrease with increasing pressure.
However, both these attenpts were unsuccessful in devel oping
a general one-dinensional consolidation equation since the
variation of pernmeability and conpressibility are likely to
be of real inportance only if the void ratio changes and

strains are appreciable.

Finite Strain Theory

Generalizations of consolidation theory aimed at
elimnating the restriction of small strains, while taking
into account changes in soil compressibility and
perneability, were independently established in the one-
di mensi onal nonlinear finite strain theory by Mkasa in
1963, and G bson, England, and Hussey (GEH) in 1967. Pane
and Schiffman (1981) show that the CGEH theory and the M kasa
theory differ in their underlying assunptions in only one
respect. M kasa's theory is [imted to the case where the
deposit consolidates under its own weight with or wthout an
| mposed surface |oading after rapid sedinentation, whereas
CGEH theory is unrestricted as to its initial condition. The
general form of the governing relationship as presented by
G bson et al. (1967) is:

k(e).a

+ & K(e) do' e ae

(Ve 718 -
[(Wi l]de[1+e ] 62[7W(1+e) de gzl T ag =0 (2.1)
where
v. = the unit weight of solids

s

12



T = the unit weight of water

k = permeability
e = void ratio

! effective stress

g

spatial derivative in terms of reduced

a_
3z
coordinates (reviewed in Chapter 3)

|t should be noted that the se/st term shown
in the above equation should be expressed as a materia
derivative (MVay et al., 1986).

Based on equation 2.1, a number of conputer prograns
have been devel oped for the purpose of solving one-
di mensional nonlinear finite strain consolidation problens
based on reduced coordinates. For exanple, a series of
programs have been developed at the University of
Col orado and at the Waterways Experiment Station which
assume that the void ratio-effective stress and void ratio-
pernmeability relationships are exponential functions, and

the highly non-linear term

g(e) = ~ ;K%%%gy gﬁ' (2.2)

Is a constant. Furthernmore, these prograns are based on a
governing relationship where the void ratio is the dependent
variable, and utilizes an explicit finite difference schene
(Gi bson et al., 1981). The programs devel oped at the
University of Colorado were developed primarily for research
purposes (G bson et al., 1981), while the second generation

13



programs devel oped at the Waterways Experinent Station were
designed primarily to assist in the planning of dredge fill
operations (Cargill, 1983). It should be noted, that the
finite difference method consists of substituting finite
ranges for differentials in the governing equation, and wl

be discussed further in Chapter 4. Recently, the University
of Colorado has devel oped a series of simlar progranms
utilizing the nethod of |ines (Pane, 1985) which lifts the
restriction with respect to the form of the void ratio-
effective stress and void ratio-permeability relationships
(Caldwel | et al., 1984; Schiffman et al., 1984). Finally,
the Somogyi nodel, which is used in this thesis to validate
the piecewi se |inear nodels, is based on Koppula's (1970)

mani pul ati on of equation 2.1,

g —k  su de Jg' (2.3)

szt ~ 7w(l+e) BZ] + do'st 0

Spatial Piecewi se Linear Theory

The nmost noticeable drawback observed in finite
di fference conputer prograns utilizing GEH theory is their
inability to model profiles with non-homogeneous void
ratios. Piecewi se linear theory in terms of convective
coordi nates, introduced by O son and Ladd in 1979 and | ater
used by Yong et al. (1983), avoids this sinplification by
model ling finite strain using an updated Lagrangian finite
difference schene iterative solution which refers all static
and kinematic variables to the configuration at time t. This

requires not only that the material parameters

14



(permeability, effective stress, void ratio) but
representative geonetry be updated after each tine step as
well (McVvay et al., 1986). Pi ecewi se |inear nodelling
all ows one to consider continuous |oading, non-Ilinear
material properties, and non-honogeneous soils. To mnimze
errors, a double precision technique should be used. The
Yong nodel, which was devel oped by Yong et al. (1983), is
the basis for the piecewise linear nodels (UF-MGS and UF-
McGM developed in this thesis. This nodel was chosen
because of its potential for expandability, and flexibility

in nodel ling any non-honogeneous condition.
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CHAPTER THREE
MATHEMATI CAL  FORMULATI ON

As discussed in the literature review, several authors
have devel oped mathematical formulations to nodel |arge
strain consolidation; however, until MVay et al. (1986), no
single work acknow edged that all these formulations stemred
from a single general theory of consolidation. The
followi ng mathematical derivation of the theory of
consolidation is based on this work: it will show that the
governing equations for the finite strain program (Sonogyi)
in terms of reduced coordinates and the spatial piecew se
| inear programs (UF-MGS, Yong) can be derived from the sane

general equation,

Coordinate Systens
The use of a fixed reference system to describe |arge

strain consolidation is inpractical due to the relative
| arge movement of the top boundary of the consolidating
| ayer. Therefore, to sinplify the required mathematics, a
coordinate system which nmoves with the layer is needed
(Cargill, 1982). Reduced coordinates (z), introduced by
Terzaghi (1923) and later used by Otenbland (1930) and
McNabb (1960), as indicated by Schiffman et al. (1985) and
MVay et al. (1986),describe the consolidating |ayer at any
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time only in terms of the volunme of solids, and thus are
suited to describe large strain consolidation because they
are independent of time and the amount of strain.

Al though reduced coordinates will be used to derive the
Sonogyi nodel, the large strain consolidation problem can be
best described physically by conbining the Lagrangi an and
convective coordinate systems. In the Lagrangi an approach
the position vector (a) is attached to the particle, so the
| ocation of the particle can be described at any time during
consolidation. During consolidation (t>0, the location of
a soil particle will depend on both the initial position and
the tine elapsed. Thus, convective coordinates (¢),
which fix attention on a given region of space instead of on
a given body of matter, and which are dependent on the
Lagrangi an coordinate and tine, are applicable. Figure 3.1
describes a soil particle within a consolidating layer in
terns of Lagrangian and convective coordinates; and Figure
3.2, shows the difference between the Lagrangi an
convective, and reduced representations.

The three coordinate systens described herein can
be related to each other using the follow ng conversions:

da 1l + eo

3 - 1 + e (3.1)
sz _ _1

sga 1 + eo (3.2)
€ - 1+ e (3.3)
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Theorv of Consolidation
McVay et al. (1986) recognized that the mathemati cal

description of one dinensional consolidation nay be nost
appropriately devel oped from the continuum theory of
mxtures as first put forth by Truesdell and Toupin (1960),
and |ater used by Bear (1979). The cornerstones of this
devel opment are:1) conservation of nass and nonentum of the
solid and fluid phases and 2) a constitutive relationshinp.
Specifically, mass conservation of the fluid, assumng the

fluid inconpressible, may be expressed as

4q +4n _
3¢ st T O (3.4)
wher e
q (exit fluid velocity) =V x n (3.5)

V = seepage velocity

n = the porosity

whil e the vol ume conservation of solids, assumng the solid

grains inconpressible, may be expressed as

a_[1 - + 4 [(1 - v
at[ n] 65[( nvel o 4 (3.6)

wher e

Vo = the velocity of solids

and the balance of nomentum of the fluid phase, assum ng

| sotropy, linearity, and neglecting inertia, may be
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expressed as

Ve _n(V=-V) _ _kau
£= s = 1wl (3.7)
wher e
U = excess pore pressure at ¢, t
Vi = fluid velocity relative to the the solids

Equation 3.7 was discussed by Raats and Klute (1965),
who noted that this equation may be regarded as Darcy's |aw
appropriate to flow of a fluid phase conpletely filling the
pores of a solid phase which m ght move in a nonrigid
manner .

By combining equations 3.4 through 3.7, as suggested by

Bear (1979), this equation can be obtained:

a_._k_ au
sg Uy, 8¢ ]

1_Dn

= (1-n) Dt % (3.8)

As McVay et al. (1986) points out, it is worth noting
that suss¢ represents a spatial derivative and
characterizes the local rate of change of excess pore
pressure with respect to ¢, whereas Dn/Dt represents a
material derivative and shows the change in porosity as

one follows the particle.

Defining the porosity in terns of void ratio




its material derivative may be represented as

Dny _ _1__ De
Dt |, B (1+e)? Dt X (3.10)
wher e
%% = spatial time derivative of the void ratio
Vg = velocity of solids
g_z._. = gpatial derivative of the void ratio

Substituting equation 3.10 into equation 3.8, the

foll owing one-di mensional consolidation equation is

obt ai ned
d .k _ gu —1 Dej_ (3.11)
sgl” Ty, sl * (1+e) Dt g °

In order to relate stress changes to corresponding
strains, a constitutive relationship is necessary. Terzagh
(McVay, 1986a) assumed the void ratio to be expressed

explicitly in terns of the effective stress alone
e =1 (o') (3.12)

Tayl or and Merchant (1940) and Gbson and Lo (1961) objected
to Terzaghi's constitutive relationship, and proposed that
the void ratio be expressed in terns of effective stress and

time by stating that part of the decrease in void ratio is
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due to secondary conmpression, or volume decrease at a
constant effective stress.

However, to the author's knowl edge, the norm when
descri bing one-di mensi onal consolidation is to assume, as
Terzaghi did, the void ratio to be expressed explicitly in
terms of void ratio when modelling large strain
consol idation (Been and Sills, 1981; G bson et al., 1967:
G bson et al., 1981; Monte and Krizek, 1976; Yong and
Ludwi g, 1984). The Somogyi program (finite strain in
reduced coordinates), and the UF-McG model s (piecewise
|'inear), both assume that Terzaghi's assunption, equation
3.12, is valid.

By taking the naterial derivative of equation 3.12,

De| _ de Do' (3.13)

P
Dt X de'Dt X

and substituting it into equation 3.11, an equation
describing the consolidation process in terns of effective

stresses is obtained

_a_li] 1 de Do

2k -
Yy Y3 (1+e) do' Dt

98 (3.14)

|f the soil deposit remains subnerged, as is assumed in
| arge strain slurry consolidation, hydrostatic pressure
contributes an equal amount to both total stress and pore
fluid pressure; therefore, effective stress can be witten

as

s'" =s,-u (3.15)



ab=a-uo
oy = buoyant stress
c = total stress

u = excess pore pressure

c
i

° hydrostatic pore pressure

The material derivative of equation 3.15 may be

expressed as

_ sz‘- Du
« b, Dt

Do

Dt

X

(3. 16)

Substituting equation 3.16 into equation 3.14 results

in a general one-dinmensional consolidation equation in terns

of buoyant stresses and excess pore pressures

il k

___[ 1 de
8¢

au - de D Du -
9¢ 1 T (Tre)ds’ [Daip-Dt]X- 0

Tw

Governi nqg Equati ons

The governing equations for conventional theory,

(3.17)

t he

Sonogyi nodel, and piecewise linear nodels may be derived by

mani pul ating equation 3.17.

Conventional  Theory

Terzaghi's conventional one-di mensional consolidation

t heory
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au e, (3.18)
at 3¢?
where
Cy (coefficient of consolidation) = k (l+e
Ay "w
a, (coefficient of compressibility) = =-de/do!

is readily obtainable by applying the following restrictions

to equation 3.17:

1) Constant permeability

2) Quiescent consoclidation ( Dab )
=0
Dt
and 3) Rigid soil skeleton V., au _
2
k(l+e) 37u Du
a 352 B Dt
Twv X
c a%u Du
v — = ——
3¢ Dt X
2
c i u Jdu Jdu au
v —-—-2— = ——— Vs — = e——
13 at a¢ at

Sonmogyi _Mbdel

Somogyi  (1980) fornulated the governing equation for
his finite strain conputer program by considering equation
3.17 in terns of reduced coordinates. Koppula (1970) also
arrived at a reduced representation of equation 3.17

wi t hout expanding the terms described in equation 3.16 by
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mani pul ating the equations of equilibrium continuity, and
flow, as originally derived by Gbson et al. (1967).

Substituting equation 3.3 into equation 3.14, the
following equation may be obtained

ok su, _ _1 _ deDs (3.19)
az Tw a2z (1+e) do'Dt X

In terms of reduced coordinates, the buoyant stress at
any point depends only the amount of solid particles
above that point. | f additional soil particles are not
deposited (quiescent consolidation), the buoyant stress at
any reduced coordinate depth is time independent, and may be

represented as

ab(z) = 7b(ztop - 2) (3.20)

%, = (Gs - 1)7W
G_ = specific gravity of solids
In the case of either initial or continued deposition,

the buoyant stress can be written as

Iy = 9y + Aab (3.21)

s

i
where

Ty = initial variation in buoyant stress
i
Combining equations 3.15, 3.20, and 3.21, material

variation of effective stress with time, may be given by,
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Do'= (Gg-1)v, dAZ - Du (3.22)
Dt at Dt

Substituting the above equation into equation 3.19

yields
& _ _k gu, . de (G-1l)v, d(az) _ Du , _
iz Tw GZ] + do! ( w dt Dt 1 =0 (3.23)

This is the general equation used by Somogyi to
describe the behavi or of excess pore pressure during
consolidation. However, in order to solve this equation
numerically, two material functions describing
compressibility and permeability are necessary. Roma
(1976), see Figure 3.3, reported that the best relationship
between equilibrium void ratio and effective stress for
phosphatic clays can be best described by the follow ng

power fit
(3.24)

Li kewi se, Keshian et al. (1977), and nmore recently,
Wssa et al. (1983), (see Figure 3.4) indicated that the
following power fit showed a good correlation between

permeability and void ratio

k = ceP (3.25)

Substituting equation 3.24 into 3.23, rearranging, and

sinplifying, Sonogyi obtained thefollow ng equation

Du, P k otu+ ook ou_ wdlan) (3.26)
Dt a l+e’ 522 a 38z 1+e]az dt
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wher e
a = AB'yw
g = 1-B

Equation 3.26, conbined with equation 3.25, permts the
solution of large strain consolidation using finite

difference, which will be discussed in the next chapter

Pi ecewi se Linear Mdels

Equation 3.17, which nmay be derived from equation 3.14
(the latter also being the basis for Somogyi's governing
equation), serves as the governing equation for the UF-MG
model s. The Yong model sinplifies this equation by not
considering the change in buoyant stress with time term
implicitly--see Chapter 4 for explanation, and thus has the

followi ng governing equation (Yong and Ludw g, 1984)

Du _ 1lt+e do'3d (k(e))du _ k(e) (1+e) do' §%u (3.27)

Dt Ty de 3¢ 3¢ Ty de 92%¢

By analyzing equations 3.17 and 3.26, it can be
concluded that the only difference in the governing equation
between the Somogyi and UF-McG models is the coordinate
system chosen for solution. As previously stated, the
Somogyi model solves equation 3.24 in ternms of reduced
coordi nates, while the UF-MG nodels solve equation 3.17 in

terms of convective coordinates. In order to account for
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the buoyant stress being tine dependent, as is the case wth
convective coordinates, the UF-MG nodels, as well as the
Yong nodel, require that not only the naterial parameters
(void ratio, effective stress, and perneability), but the
representative geonetry be updated as time progresses.

The UF-MG nodel s combine equation 3.17 with naterial
functions relating void ratio to effective stress and void
ratio to permeability, in order to solve large strain
consolidation problems using the finite difference
t echni que.

d osed Form Sol ution

To our know edge, there exists only one closed
form solution which allows for the calculation of phosphatic
clay settlenment (MVay, 1986b) and due to the non-linearity
of the problem there are no closed form solutions capable

of calculating the rate of large strain consolidation.

The closed form solution which will now be discussed was
devel oped for quiescent clays with homogeneous void ratio
profiles by MVay (1986b) and expounded on by Townsend
(1986b),to allow for sand surcharge.

Assum ng that equations 3.24 and 3.25 properly describe
the material characteristics of an inpoundment, and that

one-di mensi onal consolidation is nodelled

re AH (3.28)

Rearranging and integrating throughout the inpoundment
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profile

He
H = | -4 dz : (3.29)
l+e
Hy
where
z = height of clay = Hf - Hi
If re = e, = &g (3.30)
and
ef = AU‘B' (3-31)
then
= 1B
Since o' = (7b)z, then,
re = @ = A(xy z)B (3.33)
o b *

Then, substituting equation 3.33 into equation 3.29 and
integrating, the following closed form solution is obtained

for quiescent clays.

M= 1 [e (H.-H,) - Alv. )8 (4
TIE; ot f ' b {

(1+8) - H.<1+B)}]

f i (3.34)

Where Hi = top of pond depth corresponding to the

stress at e and Hf = Hi + depth of clay, z. Hi can be

ol
determined by rearranging equation 3.24 as
" 1/8
o = (e /A)Y/ (3.35)
1
and remembering ‘Hi =<7/Yb (3.36)

In the case of a sand cap

o = (1,.) I, + g (3.37)
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where

= height of clay = (zf - zi)

Tpe = Clay buoyant unit weight
and q = (v,.)2Zg

= (sand buoyant unit welght)(helght

of
sand cap)

Substituting equation 3.37 into equation 3.31, and the
latter into 3.30
be = e [(v. )z +ql® |
0 bc’“¢c (3.38)
substituting equation 3.36 into equation 3.29
and integrating between the

Finally,

limits of zf and zi the

following closed form is obtained for quiescent

solution

clays with a sand surchage (egqn. 3.39),

148 148
A = T% (&(Ze = 74) - T A - [(vpe) Ze + )P -((n, Zp) + @)1} (3.39)
[0}

Where 2, = top of pond depth corresponding to the stress

e
o
similar to H,

and can be found using the approach of

and z_. = g

equations (3.35) and (3.36), £ it depth of clay,

Zc.
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CHAPTER FOUR
SOMOGYI AND YONG MCDELS

Finite D fference

Ceneral

Since very limted closed form solutions are available
to predicts the settlement of slurries, numerical
approxi mations must be made. The computer prograns
described in Chapters 4 and 5 utilize the finite
difference technique, which consists of replacing continuous
derivatives in the governing equation by the ratio of
changes in the variable over small but finite increnents,
establishing rules to ensure that the nethod of solution is
stable and does not lead to cunulative errors. The
governing equation expressed in terms of finite differences
is called a recurrence formula. The latter may be solved
explicitly (U-MG or inplicitly (Sonogyi), by relating
forward, backward, or central differences obtained fromthe
Taylor series expansion. A detailed description of finite
difference will not be reviewed, since the general method is
covered in a nunber of books (Desai and Christian, |977; Anes,
1969). However, several features of the finite difference
method related to consolidation which are used in this
report will be summarized in the next sections.

Since finite difference is an approximate solution to a
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differential equation, the solution must converge and be
stable. Convergence means that the results of a finite
difference method must approach the correct values as at
and Az both approach zero, while stability means that
errors introduced at one stage of the calculations do not
cause increasingly large errors as the computations are

continued, but eventually damp out.

Explicit and Implicit Formulations

As discussed previocusly, finite difference problems may
be solved explicitly or implicitly. For example, if the

updated dependent variable is the pore pressure u the

i
explicit scheme would approximate a solution for uy at time
level "t+1" in terms of the surrounding known values of uy
at the previous time level "t". The explicit procedures are
relatively straightforward, permit step-by-step evaluation
of uy directly, and do not require solution of simultaneous
equations. However, explicit formulations have three major
drawbacks: 1) to ensure stability, only very small
increments in the time variable are permissible, 2) the
updated dependent variable will only be influenced by the
immediately surrounding values from the previous time step,
and 3) there is a region within which boundary values have
no influence, as shown in Figure 4.1. These drawbacks are
gsolved by implicit finite difference approximations, which
require the solution of simultaneous equations at time level

"£+1", and include the influence of known boundary values at
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that same tine. An inplicit recurrence fornula is one in
which two or nore unknown values at time "t+ " are specified
in terms of known values at tine "t" (and "t-I","t-2",...,
if necessary) by a single application of the expression
(refer to Figure 4.2). If there are M unknown val ues at
time "t+l", the recurrence formula nust be applied M tines
across the length of the row. The resulting systemof M
simul taneous equations specifies the M net values inplicitly
(Ames, 1969, p. 50). However, this method can have

drawbacks, which will be discussed in the next section.

Nunerical Sol ution

Sonogyi _Mbdel
General. Somogyi chose a fully inplicit method to

sol ve the excess pore pressures of equation 3.26 because of
the scheme's inherent stability, convergence, and ease of
progranm ng. Once the excess pore pressures at a new tine
are solved, the distribution of effective stresses is
calculated from equation 3.15, the corresponding void ratios
and perneabilities are obtained from equations 3.24 and
3.25, and the solution is advanced. However, here lies the
maj or drawback associated with using a fully implicit
techni que when nodelling large strain consolidation: the
values of void ratio and perneabilities at the new tine step
are required for the solution of the excess pore pressure.
These val ues are unknown. Somogyi's solution to this

problem was to enmploy a tine increnent sufficiently small so
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that little variation in the above paraneters woul d occur;
the unknown values at the new tinme can then be replaced by
known values at the previous time. This in effect causes
changes in void ratio and permeability to lag one tine-step
behi nd changes in excess pore pressure. Fortunately, the
stability of the inplicit technique ensures that errors thus
i ntroduced will eventually decay. Desired accuracy can be
obtained by reducing the time increnment and observing
variations in results.

Recurrence Formil a. Specifically, the follow ng general

recurrence fornula for all interior nodes in the Somogyi
model was derived fromequation 3.23 by approxi mating the
time derivatives with forward differences (see Figure 4.3)
the derivatives respect to space by central differences, and
by replacing the values of void ratio, effective stress, and
pernmeability at the tine of analysis with the previous tine

step val ues

S- '6(Kl t+Do -) + (l-ZSu

i,5%4,380%

Yit1,5+1

l’] llj llj i,j+l
+ 8 K D (4-1)
1,3°0%4,57P1, 3000, 541 T By, g T S
where
Y
Sllj = Z—_ i,3
kl [}
K
1,3 = 138
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i+1,3 i-1,5
§ = _At
(az) 2
At = time increment

AZ space increment

Boundary and initial conditions need to be specified

for a conplete solution. If the |ower boundary (i=1) is
| mper neabl e (single drainage)

= 0. (4.2)

mlm
N c
I

This is known as a reflecting boundary, since in terns

of central differences, it inplies that
Yivy = Bi1 (4.3)

Substituting equation 4.3 into 4.1, the followng

boundary recurrence fornula is obtained for single drainage

28, . . . + - .
l,jK1,36u2,3+1 (1-28 K suju

1,3°1,3 =

At the upper boundary, the excess pore pressure is
al ways equal to zero. Substituting equation 4.4 into
equation 4.1, the following recurrence fornula is obtained
for the node just below the surface

Un-1,9+1 T Sn-1,3%N8-1,38 (72921, 441 ¥ Un-2, 941!

*
Sn-1,3% (Ky-1,47D N-1,3)UN-2,§+1 = "p2 (4.5)
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wher e

*

D n-1,3 = 1Ky, 5 = Ky-2,5)
4

In solving equations 4.1, 4.4, and 4.5 sinultaneously,
the excess pore pressures are known as time progresses, and
the effective stresses can then be readily obtainable from

the follow ng equation

o' (z) = a'o + ab(z) -vu(z) (4.6)

wher e

o', = initial effective stress

Fromthe effective stress, the corresponding void
ratios, solids contents, and perneabilities are calculated,
and the solution proceeds to the next time step. It should
be noted that for double drainage, the |ower boundary

condition is given by u(Ot) = 0.

Sand-Clay M xes, A peculiarity inherent in this
analysis is that in predicting the behavior of sand-clay
m xtures the Somogyi nodel assunes that the conpressibility
and permeability of the m xture are controlled by the
properties of the clay and are independent of the presence
of sand, which merely acts to increase the unit weight. In
essence, this assunption inplies that all the water in the
m xture is associated with the clay particles, with each
sand particle floating in the clay-water matrix. In the
case of Florida phosphatic clay wastes, this assunption

appears to be valid for sand-clay ratios up to five and clay
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solids contents up to 60% which enconpasses the normal
range of applications (Sonogyi et al., 1981).
Description of the Prosrams. Two sets of four computer

programs (single drainage and double drainage) were
devel oped. FLINS is used to anal yze densification during an
initial filling period. FLCOS handl es the problem of

densification during filling over an existing deposit. This
program is utilized whenever a change in filling rate occurs
or when filling is resumed after a period of quiescent

settling. In these cases, continuity at the interface

between the new and ol d deposits is ensured by the fact that
the solids content at the surface of the existing deposit is
i dentical to that attained by the new material imediately
after deposition. The filling prograns perform anal yses for
a specific time period or until a maximum deposit height is
reached. QSNS is used to analyze consolidation during
qui escent settling of a clay deposit whose solids content
varies with depth, and is used when filling has been
interrupted, either tenporarily or permanently. Finally
QSUS is used for analysis of self weight consolidation
during quiescent settling of a clay deposit whose solid
content is uniformwth depth.

The Sonogyi prograns require the follow ng input: 1)
conpressibility and perneability of the sedinment; 2) initial
void ratio of the sedinent; 3) size of the disposal area; 4)
filling rate of dry solids; 5) filling period; 6) surcharge

(if any); and 7) boundary drainage conditions. The out put
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of the programs includes: 1) settlement vs. time: 2) void
ratio vs. depth and time; and 3) pore pressure vs. depth and
time.

The output of one program becomes the input for the
next program and virtually any sequence Of filling and

qui escent consolidation can be anal yzed.

Yong Mbdel
General. Yong chose an explicit finite difference
scheme to solve equation 3.27. This method allows for easy

mani pul ation of the governing equation, but has stability
and convergence restrictions which wll be discussed herein.

Recurrence Formula. As presented in chapter 3, Equation

3.27 represents the governing equation for this nodel. By
taking the three representative horizontal planes with unit
cross-sectional areas shown in Figure 4.4, separated by a
discrete distance Dz, and a second internmediated set of
planes (1,2) equally spaced within the primry planes, and
substituting the first derivatives respect to space with
forward differences (see figure 4.3), and by substituting
the second derivative respect to space with the centra
difference

d%2u _ u(p-1) = 2u(p) + u(p+l)
8z°2 AZ?

and rearranging, the follow ng general recurrence fornmula
computing the change in excess pore pressure as time

progresses is obtained
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Model s (Yong et al., 1983).
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au(p) = (1+e)at [K; (u(p)-u(p-1))-K,(u(p+l)=-u(p))]

'ywavAZ (4.7)

Equation 4.7 drives the process of consolidation by
explicitly updating the excess pore pressures. However, in
order to maintain non-linearity, not only need the excess
pore pressure be updated, but also the material paraneters
(void ratio, effective stress, permeability) and, most
| mportantly, the geometry of the impoundnment. This is
crucial, since the analysis is performed in respect to
convective coordinates; therefore, if the void ratio is
updated, the convective coordi nates nmust be converted into
updat ed Lagrangi an coordi nates to be consistent. Mat eri al
property updating is performed by logarithm c interpolation,
and pond geometry is updated by |inear interpolation. Figure
4.5 shows the conputational flow scheme for the Yong nodel.

Continuous Fill. Continuous fill is modelled

differently in the Sonogyiand Yong nodels. \While Sonogyi
accounts for continuous fill inplicitly by conputing the
change in buoyant stress with time (Doy /Dt) In the

governing recurrence formula which updates the pore
pressures, Yong considers continuous fill explicitly by not
i ncluding the change in buoyant stress ternﬁ(Dab/Dt)i n

the governing recurrence formula, but instead by adjusting
the pond height due to fill occurring within every iteration
and by recomputing the pore pressures obtained fromthe
governing recurrence fornmula at the beginning of each tine

step, rearranging equation 3.15. Thus, the ¢y termin
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Boundary Conditions Constitutive Behavior Parameters

~drainage condition -vofd ratfo-effective stress -specific gravities
(single or double) relationship ) -surcharge load

-initial void ratio -void ratio-permeabiltty -weight ratios of materials

-pond f{1ling rate
profile : relationship -volume-elevation relation-

ship of pond

-initial thickness of layer
-number of divisions of
layer

y

T
Initial Calculations

-calculate and printout initial results
including 1nitial profile characteristics,
mechanical properties, volume-elevation
characteristics and initial pond profile

!

Calculate Parameters Used in Governing Eauation

-divide deposit into N layers

<compute elevation of each node at interface of
Jayers

-determine void ratio at each node

~compute stress due to submerged unit weight at
each node

-compute swelling pressure {effective stress) at
each node

-compute excess pore pressure at each node

-compute compressibility and permeability from
void ratio relationships,at each node

[]
Insyre Stability Of Iteration Method

-3djust the time increment to meet stab-
{11ty criteria '

Soive Governing Eguation

-compute change in excess pore pressure
at each node from computéd * parameters
and for adjusted time iteration

1
Upgate Profile Parameters

-compute new excess pore pressure at nodes
-compute new swelling pressure at nodes
-determine new void ratic at nodes from void
ratio -effective stress relationship
-compute change in height of deposit

No -1f accreting 1oaf1then mod{fy height
[ Last Increment 7 e . Printout Profile Characteristics
Tes -output of parameters used in governing equation
| End | as well as updated characteristics

Figure 4.5. Computational Flow Scheme of Yong's Model
(Yong and Ludwig, 1984).



this equation is increased by an amount corresponding to the
change in buoyant stress due to continuous fill occurring in
the previous time step.

Stability and Convergence. Since the governing
equation for this model 1is an expansion of a parabolic
partial differential equation, an explicit solution is
numerically stable only if

0 <a=c _at <0.5 (4.8)
(ax) 2

where

Ax = layer thickness

However, Ames (1969) points out that for « = .16,
the truncation error for the explicit method goes to zero;
therefore, running the program with « fixed at .16,
allows for rapid convergence. However, this may not produce
accurate solutions if the time steps generated are too
extensive, since the program assumes a 1linear void ratio
within each iteration. Stability is checked in this model by
calculating the minimum At throughout the individual
layérs based on the corresponding c, values. 1If the minimum
At violates the stability criteria, the time step is
shortened to accommodate the o restriction. Herein
lies a drawback for this model since the nature of the
solution technique is tedious and requires enormous
computational efforts for 1large and soft deposits (high

initial void ratios).
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Initial and Boundary Conditions. The Yong model allows
for both single and doubl e drainage. For single drainage,

as with the Sonpgyi nodel, equation 4.2 and the reflecting

boundary concept apply: therefore, the governing recurrence
formula for the bottom node nust be adjusted accordingly,

t hus

au(np) = 2(l+e(np)lat [Kn(u(np)-u(n))]

a Az (4.9)

Tw

wher e

np = bottom boundary

n = node above bottom boundary

For doubl e drainage, both the top and bottom boundaries
are assumed to be free-draining and devel opi ng no excess
pore pressure. Therefore, the u(np) = 0.

For both single and double drainage, the void ratio at
the upper boundary is fixed at the original in situ value
prior to consolidation. This constitutes the initial value

condition (Yong and Ludwi g, 1984).

Initial Void Ratio-"Initial FEffective Stress"

According to the effective stress-void ratio
rel ationship established for each particular inmpoundment by
the Somogyi and Yong programs, every void ratio has a
corresponding effective stress. Therefore, according to
this criteria,if a pond has an initial void ratio, then it
must have a corresponding effective stress. Physical |y,
however, self-weight consolidation occurs as a result of the

49



di ssi pation of excess pore pressures, which generate
corresponding effective stresses. Thus, initially, if no
consolidation has taken place, no effective stress should be
present. This apparently presents a dilemm, and a possible
shortcomng in the Somogyi, UF-MGS, and Yong programns,
since they assume that the pond has an initial effective
stress corresponding to the initial void ratio of the pond,
in order to satisfy material relationships and begin the
anal ysis. However, the dependent variable for which a
solution is obtained in the governing equations of these
programs is the excess pore pressure, not the effective
stress or void ratio. Initially, then, the excess pore
pressure should be zero at the top of the pond and should
I ncrease by an amount equal to the buoyant stress throughout
the cross-section of the inmpoundment. Since the initial
excess pore pressure distribution is calculated by
subtracting the initial effective stress fromthe initial
buoyant stress, the programs account for the initial
effective stress by increasing the initial bouyant stress by
an amount equal to the initial effective stress. Figure 4.6
shows a nodel pond 10 ft. high, with a bouyant weight of 10
pcf and an initial void ratio which corresponds to an
initial effective stress of 10 psf. (A) shows the
cal cul ation of excess pore pressure as observed in the
field, while (B) shows the conputer program cal cul ati on of

€XCEeSS pore pressure.
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(B) Somogyi and Piecewise Linear Programs
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CHAPTER FI VE
UF- MG MODELS

| nt roduction

This chapter will discuss in detail the devel opment of
the UF-McGS (single layer) program and the UF-MGM
(multiple layer) nodel. Both these nbdels are expansions of

the Yong program as docunmented by Hernandez (1985).

UF- MGS Model

Gener al
As noted in Chapter 1, the Yong model all ows
consi derati on of non-honogeneous profiles, and thus provides
a viable tool in modelling large strain consolidation.
However, the follow ng drawbacks |imt its applicability:
1) Initial filling conditions are difficult to nodel.
2) \Wen continuously filling, the new material added
must have the same void ratio as the underlying

mat eri al .

Al so, the follow ng characteristics of the program
limt its versatility:
1) Only allows individual data point input of the
material parameters, instead of a power function

2) Data can only be inputted in the netric unit system

52



3) Definition of void ratio in terms of clays, non
clays, bitumen, and organics.

4) Only one filling or the quiescent condition may be
nmodel | ed.

5 Input paraneters can only be inputted in batch node,

6) No graphics capabilities.

7) Qutput of results is cunbersone.

The first objective pursued in this research was to

generalize the data input to accormodate any large strain

consolidation problem In fulfilling this purpose,
interactive and batch input of data and a built-in batch
file editor were devel oped. This built-in preprocessor

allows the user to perform parameteric studies wthout major
difficulty. After the preprocessor was conpleted, the
following major changes and additions, which will be
di scussed individually, were made to the available Yang

code:

1) Option allow ng for automatic generation of power
curves or manual point Dby point definition of
mat eri al properties.

2) Modification to the fornula calculating the void
rati o and bouyant wei ght (see Appendix A).

3) Mdification to the initial filling condition.

4) Modification of pore pressure updating for
continuous filling conditions.

5) Modification of the method for checking stability.
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6) I mproved calculation for the average degree of
consol i dation.
7) Addition of Lotus 1-2-3 conpatability for graphics.

8) Consideration of sand-clay m xes

[ nput of Material Paraneters

As discussed previously in the description of the
Sonmogyi nodel, several researchers (Keshian et al., 1976
Roma, 1976; Wssa et al., 1983) have deternmined that a power
curve can be used to describe best the relationship between
the material properties (void ratio-effective stress-
permeability) for mneral slurries. Thus, the UF-MGS node
al lows for automatic generation of power curves, once the
A B, C, and D parameters (equations 3.24 and 3.25) are
I nputted. However, if field tests are performed that
determne that the best fit between the material paraneters
is not a power curve, the UF-McGS nodel permits manual point
by point description of these relationships, which are

joined by |ine segments between the points.

Initial Filling Condition
Since the updating of pore pressures for the Yang node

I's based upon previous pond conditions, determ nation of
consolidation during initial filling becomes inpossible
unless an initial pond height is assumed. This criteria was
standardi zed by the UF-McGS nodel by creating an initial
condition which varies depending upon the filling
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characteristics of each pond. The initial condition assunes
1 day of filling where no consolidation occurs, and thus an
initial triangular excess pore pressure distribution is
created. This length of time was picked arbitrarily such
that the amount of consolidation occurring in that span of
time could be considered negligible, and such that the
height of fill incorporated during the tine span could be
negligible conpared to subsequent filling.

To determ ne the progress of consolidation, this
initial height is divided into layers with a uniform void
ratio distribution determned by the solids content at which
the material is being filled. Then, the effective stress
and permeability are obtained fromthe corresponding
constitutive relationships, conpressibility calculations are
performed, and the excess pore pressures are updated by
adding the change in buoyant stress occurring in the
previous time step (g X hei ght of fill added during
the iteration) to equations 4.8 and 4.10, respectively.
Therefore, the upper node has an excess pore pressure equa
to the change in buoyant stress. The geometry is then
updat ed by adding the height of fill inherent to the
previous time step, and the pore pressures interpolated so
that they correspond to the redefined node positions and the
upper node has no excess pore pressure.

During the first iteration in initial continuous
filling, the asp/at termis zero, because explicit

recurrence formulas only consider the change in buoyant
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stress inherent to the previous time iteration. However,
subsequent time steps do consider the Aoy /at term
It should be noted that the Aoy /At termis set to

zero for quiescent consolidation.

Interpolation of Pore Pressures in Continuous Fill

As discussed in the previous section, the UF-MGS node
does not apply equation 3.15 to update pore pressures as the
Yong model does, but instead interpolates the values
obtained froma governing recurrence fornmula which includes
the change in buoyant stress with tinmne.

Figure 5.1 shows a conparison between both approaches,
and the Sonogyi nodel for pore pressure distribution at 0.5
years for a nmodel pond (3a), to be discussed in the next
chapter. Results indicate that at the same number of
| ayers, the interpolation approach appears to agree wth the
Somogyi nodel better than does the Yong approach. However,
there is a 2.7 %difference between the UF-MGS nmodel and
the Sonogyi nodel at the bottom boundary; this is reduced to
2.3 % when performng a 60 [ayers UF-MGS analysis. This
may be due to their different approaches when nmodelling
continuous fill. Wiile UF-MGS keeps the number of |ayers
constant throughout the analysis, the Sonogyi nodel adds a
new |ayer for each tinme step during continuous filling. The
| atter approach is more accurate because UF-McGS
I nterpol ates val ues; however, when analyzing ponds with

intermttent fill, by constantly adding |layers, the Sonogyi
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program becomes very slow. It should be noted that although
this pore  pressure difference exists, the rate of
consolidation and the height of pond agree very well for

both models in continuous filling.

Stability and Convergence

Although Yong and Ludwig (1984) discuss that the Yong
model maintains an « value between 0.16 and 0.5, the
code documented by Hernandez (1985) allows for values of
@ less than .16, based on the minimum Sy of the
deposit. This seems reasonable for thick ponds, because by
not allowing o to assume values lower than .16, the
initial time steps generated may be in the order of weeks.

In considering stability and convergence, the UF-McGS
model follows one approach for initial filling and a
different approach for intermittent stage filling-quiescent
consolidation. For initial filling conditions, since the
assumed initial f£illing condition creates very small space
steps (1 day of filling), very small time steps are
generated at the beginning of the analysis. Thus, it is
necessary to increase the value of « to maximize the
size of the time step. The UF-McGS model fixes o at .45
during initial filling unless the time step becomes greater
than 300,000 seconds (3.47 days), in which instance ﬁhe
a value is reduced accordingly. For intermittent stage
filling-quiescent consolidation, the problem is the

opposite, where due to the thickness of the deposit, time
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steps may be too extensive and updating of pond non-
linearity may be inaccurate. Therefore, to allowfor rapid
convergence, the a value is fixed at .16 unless the
tine step becomes greater than 300,000 seconds, in which
case thea value is reduced accordingly. The val ue of
300,000 seconds was selected arbitrarily to maintain
approximately 10 time steps/ month. Parametric studies
comparing a fixed a value of .16 throughout the
analysis and a value fluctuating between 0 and .16 are
shown in the next Chapter. |t should be noted that when an
I mpoundnent is divided into nore than 15 layers, the a
value is fixed at .45 in order to increase time steps,

unl ess the value of 300,000 seconds is exceeded

Inproved Calculation for the Average Decree of Consolidation

The average degree of consolidation Ut) is defined as

U(t)= pc(t) (5. 1)

pC

wher e
rc(t) = the consolidation settlenent at time t.

rc = the ultimate value of the consolidation

sett!| ement.

Equation 5.1 may be expressed in terns of the void

ratio change by the follow ng expression
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J [e(¢,0) - e(¢,t)]de

u(t) (5.2)

J [e(¢,0) - e(¢,=)]de

According to Perloff and Baron (1976), by assum ng the
coefficient of conpressibility a, to be constant for the
range of effective stresses occurring at a point, the

changes in void ratio may be expressed as

e(¢,0) - e(¢,t) aV[U(§,0) - u(¢,t)]
e(¢,0) - e(¢,x) = aV[u(fro) - u(é,=)]

Substituting the above equations into equation 5.2, and
assumng further that a, is constant throughout the stratum
then it may be renoved fromwithin the integral and the
average degree of consolidation may be expressed as

f [u(¢,t)ds
ut) =1 - (5.3)
| tace,0rae

Equation 5.3 is used by Yong to calculate the average
degree of consolidation. However, since ay i s not constant
t hroughout the progress of |large strain consolidation,
equation 5.2 appears to be a nore proper way of cal cul ating
this parameter and is thus used for the UF-MGS nodel. In

order to apply equation 5.2, three steps nust be followed:

1) calculation of e(¢,0)
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2) calculation of e(¢,=)
3) Integration of denomnator and nunerator

t hroughout the pond profile

The cal culation of the void ratio at infinity for any
node is sinple because by adding the excess pore pressure to
the existent effective stress, the final effective stress is
obtained. Knowing this effective stress, the final void
ratio is obtained by applying the corresponding constitutive
relationship between the void ratio and effective stress.

On the other hand, the determnation of the initial
void ratio at a node is nore difficult because by using an
updat ed | agrangi an scheme, the position of the nodes changes
with time, and nust be considered differently for quiescent
and continuous filling. For quiescent consolidation, it is
necessary to convert the initial and existing geonetry of
the pond into reduced coordinates (reduced coordi nates do
not change with time) in order to find the corresponding
initial void ratio for an updated |agrangian position
However, during continuous filling, reduced coordinates
change with time due to the volume of solids added.
Therefore, in order to relate the void ratio at an updated
node to the corresponding initial void ratio, a profile of
the height of solids to be filled in the pond with
corresponding initial void ratios nmust be cal culated and then

conpared to correspondi ng updated | agrangi an positions.
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Addition of Lotus [-2-3 Conpatabilitv of Gaphics
The two output files created by the user when running

the UF-McGS program, with their respective ".prn"
extensi ons, should be manipulated in the followi ng way to
provi de graphics conpatability:

1) LOTUS 1-2-3 should be inserted in drive A and the
output files in drive B.

2) After the LOTUS nmenu appears, the user nust press
the return key when the pointer is |located over the
followng words: File, Inport, Numbers. Then, when
asked for the file name to be inported, the user
types the nane of the file to be graphed.

3) If the error message is "part of the file m ssing",
the user should hit the escape key. This error
arises due to the lack of an end of file character.

4) Then, the usual procedure for graphing in LOTUS
shoul d be followed (i.e. press the return key when
the pointer is located over the words, graph, type,

data ranges, etc.).

Sand-Cay M xes

In predicting the behavior of sand-clay mxes, the UF-

McGS nodel assunes, as Sonogyi did,that the conpressibility

and permeability of the m xture are controlled by the

properties of the clay and to be independent of the

presence of sand, which merely acts to increase the unit
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wei ght .
Figure 5.2 shows the conputational flow scheme of the
UF- McGS nodel .

UE- MeGM Mbdel

Genera

To our knowl edge, a numerical approach to model
piecewi se linear multiple [ayer (different material
paraneters in each layer) large strain consolidation has not
been devel oped. Therefore, the purpose of this sectionis to
devel op a quiescent nultiple |ayer mathenatical nodel that
can be incorporated into the existing UF-MGS program

In order to convert the UF-MGS programinto nmultiple

| ayers, the following major issues must be taken into
consi deration:

1) Pore pressure and material paranmeter discontinuity
at the interface between different |ayers.

2) Initial condition surcharge effect of |ayers above
the one being considered, in determning pore
pressures.

3) Layers nust be analyzed at the same tine step

I nterface Considerations

In order to obtain the boundary values for pore
pressure, perneability, effective stress, and void ratio,
mat hemat i cal approximations nust be nade.

Assum ng isotropy, linearity, and neglecting inertia,
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Preprocessor

-time of analysis

'-drainage condition

-specific gravities

-if filling: area of pond, time spans,
filling rate, and discharge solids content.

-define profile material characteristics

Calculate Parameters used In Governing Eguation

-divide deposit into N layers

-compute elevation at each node at interface of layers
-interpolate void ratioc at each node

-if filling condition existent, interpolate
the pore pressures

-compute submerged unit weight at each node
-compute effective stress at each node

-if £filling, skip next step

-compute excess pore pressure at each node
-compute compressibility and permeability
from void ratio relationships at each node
-if initial fill, compute excess pore
pressure for initial condition

Insure Stability of Iterative Method

-adjust the time increment to meet
stability criteria

Solve Governing Equation

-compute change in excess pore pressure
at each node

Update Profile Parameters

-compute new excess pore pressure at ncdes
-compute new effective stress at nodes
-compute new void ratio based on corresponding
new effective stress

-ypdate geometry

outputting of results

At specified times, Ssummary of Results

-void ratio distribution -elevation

-effective stress distribution -degree of consolidation
-pore pressure distribution -average solids content

Figure 5.2. Computational Flow Scheme of UF-McGS Model
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continuity of the fluid phase at the boundary between two

different clays may be expressed as

(n(Ve=v )} = (n(vev) ), (5.4)

where

bottom side of the interface

top side of the interface

By substituting equation 3.7 into equation 5.4, the

following expression may be obtained

k_ 2 k, su (5.5)

-2 Ny

a¢ a€

Equation 5.5 serves as the basis for obtaining an
interface pore pressure val ue. However, the permeabilities
at the interface are unknown. These may be approxi mated by
considering the perneability at the node immediately above
and below the interface and the rate of change of the

permeability between these nodes and the interface

ki- = ki-l + 3k Agl (5.6)
8£l 2
Kiv = Ky * 2K 22, (5.7)
652 2
where

i = interface node

node above the interface node

[
+

|
i

node below the interface node

|
|

(=
i
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AZ thickness of layer in bottom material

]

AZ thickness of layer in top material

Then, by replacing the partial derivative above the
interface (+) with a forward finite difference and the
partial derivative below the interface (-) with a backward
finite difference, inthe limt, equations 5.6 and 5.7, may

be expressed as

2

Kiw = 3Kiy =~ Xip0 - (5.9)

2

Finally, substituting equations 5.8 and 5.9 into
equation 5.5, the following recurrence formula is obtained

for the pore pressure at the interface between two different

materi al s,

eyl =%t m; Y
u; = (5.10)
1+ p§§i+1 §i+2] 22,
i-1 i-2~ 2%

| npl ementation of this interface consideration will be

di scussed in |ater sections.

Initial Condition Surcharge FEffect

Homogeneous, single drainage, quiescent single |ayer
consolidation, initially has a triangular pore pressure

distribution with a value at the bottom equal to the buoyant
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wei ght times the height. However, in multiple |ayer
anal ysis, the upper boundary of a |ayer (except for the top
| ayer) does not have free drainage; therefore, in one
di mensi onal consolidation this boundary value of pore
pressure is equal to sumof the initial buoyant stresses for
all the layers above the one considered. This surcharge
effect is propagated uniformy throughout the | ayer being
consi dered, thus shifting the pore pressures at any point
within the layer by an amount equal to the sum of the
initial buoyant stresses for all the layers above the one

bei ng consi der ed.

Length of Tine Step

In order to analyze the progress of consolidation in
mul tiple layers, the governing recurrence formula nust be
applied at the sane time step for all layers. However, since
time step size in explicit finite difference is dependent
upon c,, layer thickness and the « value, a correlation
must be made between these parameters such that the
stability criteria may be met.

Rearranging equation 4.9, and equating at for

adjacent layers, the following equation may be obtained

2 2

ay _Aég_l = r,wzch_Z2 (5.11)
vl v2
where
Cy1 = coefficient of consolidation for bottom material
Cyp = coefficient of consolidation for top material
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If more than two |ayers arepresent, equation 5.11 is
expanded for all adjacent |ayers.

The UF-McGM model applies stability criteria by
assum ng a convenient arbitrary whole nunber of |ayers for
the bottommaterial and adjusting the thickness of layers in
the upper materials utilizing equation 5.11, and adjusting
o« for the top layer,such that a whole number of |ayers

may be obt ai ned.
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CHAPTER S| X
PRESENTATI ON AND DI SCUSSI ON OF RESULTS

Genera

In order to validate the UF-MGS nodel, finite strain
conputer nodels in terns of reduced coordinates and closed
formsolutions were used for conparison. At the University
of Florida, two finite strain computer programs are
avail able: 1) the Somogyi programs, and 2) the Cargil
program The Sonogyi programwas chosen for conparison when
appl i cabl e because this program is nore famlar to the
phosphate industry. Al so, as discussed in Chapter 3, the
only closed form solutions avail able for settlenent
conparison were devel oped by McVay (1986b), and Townsend
(1986b), and will be used for conparison when applicable.

Predi cti on Scenari 0s

Eight waste clay ponds were analyzed in order to
validate the UF-MGS nodel. These nodel ponds were obtained

fromthe prediction session of the "Symposium on
Consol idation and Di sposal of Phosphatic and O her Waste

Cl ays" held in Lakeland, 1987. Ponds |a and | b model
qui escent consolidation; ponds 2a and 2b nodel quiescent

consolidation with a surcharge: ponds 3a and 3b nodel stage
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filling; and ponds 4a and 4b model two | ayer quiescent

consolidation.

Material Properties

The follow ng effective stress-void ratio-perneability

rel ationshi ps (Townsend, 1986a) were used for ponds la, 1b,

2a, 2b, 2c, 3a, and 3b:

e = 15.07 o' *22
Xk = .8304E-06 e%"%°
where
o' = in psf

k = in ft/day

The follow ng effective stress-void ratio-permeability
relationships (Townsend, 1986a) were used for the sand/clay

m xes in ponds 4a and 4b:

e = 32.5 o' 2%

k = .4235E-06 e*°13

wher e
o' = in psf

k = in ft/day

Qui escent Consol i dati on

Pond la. Figure 6.1 presents the cross-section of a
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23.6 ft deep waste pond with an initial uniformvoid ratio
of 22.82. Figures 6.2, 6.3, and 6.4 show a comparison
bet ween QSUS and UF-McGS for the height of pond vs. tinme,
the void ratio, and the excess pore pressure profiles after
1 year of self-weight consolidation, respectively.

Figure 6.2, height vs. time, indicates that the UF-MGS
model at 10 |layers, 50 points describing the materi al
functions (effective stress, void ratio, and permeability)
and « value between 0 and 0.16, has excellent agreement
with the Somogyi nodel at 75 layers, and 100 iterations per
year in predicting the progress of consolidation with tinme.
This figure also shows that at 25 | ayers the Sonogyi nodel
slightly over-predicts the nost consolidation settlenment.

Figure 6.3, void ratio vs. height, displays excellent
agreenent between the UF-MGS nodel at 20 layers, 50 points
describing the material functions and « between 0 and
0.16, and Sonmpgyi's QSUS at 75 layers and 100 iterations per
year. However, the UF-MGS nodel at 10 |ayers, and the
Somogyi nmodel at 25 |ayers, diverge fromthe correct void
ratio profile near the top of the pond. The UF- McGS
divergence may be due to the fact that this explicit finite
difference schenme marches fromthe bottomup, thus updating
the properties near the bottomof the pond faster than those
near the top of the pond. The Somogyi divergence is
probably due to the coarseness of the mesh.

Figure 6.4, pore pressure vs. height, shows good

agreenent between the 10 |l ayer UF-MGS anal ysis and the 50
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| ayer Somogyi analysis. It appears as though the Unrefined
25 layer Sonpbgyi anal ysis dissipates pore pressures quicker
than finer meshes.

Figure 6.5 shows the final void ratio for pond 1. No
conmpari son could be made with the Sonogyi nodel because it
does not analyze consolidation after 95% settl ement has
occured. However, the Sonogyi nodel does predict the final
hei ght of pond. This result, as well as the final height
obtained fromthe UF-McGS model and the closed form
solution, is presented in Table 6.1, and all show excell ent
agreement, with less than 1% difference between the
predi cted final heights.

Figure 6.6 presents the progress of the average degree
of consolidation for the Somogyi and UF-McGS model s.
Excell ent correlation is shown, with the 25 | ayer Sonogyi
anal ysis diverging slightly fromthe other results during
the first year of consolidation.

Pond 1b. Figure 6.7 presents the cross-section of a
31.5 ft deep waste pond with an initial uniformvoid ratio
of 14.8. Parametric studies to determne the influence of
a in the UF-MGS model and the size of the time steps
in the Sonmogyi model were performed in this pond.

Figures 6.8, 6.9, and 6.10, which present the height of
pond vs. tine, the void ratio, and the excess pore pressure
profiles after 3 years of self-weight consolidation,
respectively, show excellent agreement between QSUS at 100
time steps/year and UF-McGS for an a val ue between 0
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and 0.16. However, when the a value is fixed at
.16, the UF-MGS nodel tends to slightly underpredict the
progress of consolidation in the first two years. This may
be related to the large size of the initial time steps.
Al'tering the size of the time step for the Somogyi model
from50 to 100 time steps/yr did not provoke any divergence
in results.

Figure 6.11 shows the final void ratio distribution for
pond I'b, while figure 6.12 conpares the average degree of
consol idation for the Sonogyi and UF- McGS nodel s. Results
I ndi cate that the UF-MGS nmodel with a fixed at .16
overpredicts the consolidation settlement during the first
year.

Table 6.1 shows a comparison of the final height
predictions by UF-MGS, Sonogyi, and the hand sol ution, and

I ndi cates excell ent agreenent.

Qui escent Consolidation wth Surcharge
Pond 2a. Figure 6.13 shows a 23.6 ft honogeneous clay
pond with an initial void ratio of 14.8 (S = 169 and a 200

psf surchage. A paranetric study was performed on this pond
to determne the susceptibility of the UF-MCGS and Sonogyi
model s of the number of |ayers dividing the pond height.
Figure 6.14 presents the progress of consolidation with
tinme,and indicates that excellent agreement can be obtained
bet ween the UF-MCGS and Sonpbgyi nodel s provided a sufficient

nunber of |ayers are specified. It was found that the
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Table 6.1. Summary of Results for Quiescent

Consolidation

Final Height Time
(£t) (yrs)
Pond 1la
UF-McGS 7.80 11.5
Somogyi 7.75 -
Closed Solution 7.73 -
Pond 1b
UF-McGS 13.65 33.97
Somogyi 13.56 -
Closed Solution 13.53 -
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Table 6.2. Summary of Results for Surcharged Pond 2b.

Final Height Time
(ft) (yrs)
Pond 2b
UF-McGS 8.11 31.95
Hand Solution 8.01 -
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Sonogyi nodel results are quite dependent upon the nunber of
| ayers used, and over 100 l[ayers were required for
agreement. [We also used 1000 time steps, followi ng the
recommended 10 time steps/year]. Table 6.2 summarizes the
final pond heights as predicted by the UFMSGS, Sonmogyi, and
closed form solution.

Figures 6.15 and 6.16 respectively present the void
ratio and pore pressure profiles after one year for the UF-
MCGS and Somogyi nodels. As shown in figure 6.15, the UF-
MCGS with 10 layers slightly disagrees with other values in
the top regions. Simlarly the pore pressure results
presented in Figure 6.16 show the 10 [ayer UF-McGS
definition produces a higher pore pressure profile. The
presence of the surcharge at a surface drainage boundary
causes both nodels to predict a sharp change in both void
ratio and pore pressure just beneath the pond su rface. This
change may merely be an artifact of these models and

boundary conditions.

Pond 2b. Figure 6.17 shows a 23.6 pond with variable
void ratio and a 200 psf surcharge. The results obtained
fromthe UF-MGS nodel cannot be conpared to the Sonmogyi
model due to its inability to analyze non-homogeneous
| ayers. However, the final height predictions by UF-MGS
and the closed formsolution are presented in Table 6.2 and
show excel | ent agreenent.

Figure 6.18 conpares the progress of consolidation for
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ponds 2a and 2b and elucidates the fact that pond 2a settles
4.4 ft. more than pond 2b. This is because pond 2a has a
| ower initial solids content.

Figure 6.19 conpares the final void ratio profiles for
ponds 2a and 2b and indicates that pond 2b has a | ower final
void ratio than pond 2a because the former has a higher
initial solids content.

Figure 6.20, which gives the progress of the average
degree of consolidation with time for ponds 2a and 2b, shows
that the rate of consolidation of pond 2b is slower than
pond 2a.

Figures 6.21 and 6.22 present the void ratio and pore

pressure profiles at one year.

Stage Filling
Pond 3a. Figure 6.23 (1) shows a pond filled in tw 6

month increments separated by a 6 nonth qui escent increnment
with clay at a void ratio of 22.82, with a filling rate of
.0656 ft/day. This pond sinmulates waste clay ponds which are
filled intermttently with thickened clays punped from an

initial settling area.
In order to obtain a prediction for the Sonmogyi nodel

the program FLINS was utilized to nodel the inital filling
then its output became the input to QSNS and finally FLCOS
was used to nodel later filling.

Figure 6.24 conpares the progress of consolidation for
the Sonogyi nodel and the UF-MGS nodel. Results indicate
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very close agreement between both Somogyi runs and UF- MCGS
at 30 layers. However, the 15 |ayer UF-MGS anal ysis shows
slight disagreenment with the other runs towards the end of
the second filling period. This is probably due to an
I nterpolation error since |ayer thickness after 500 days is
substanti al .

Figure 6.25 depicts the variation in the average degree
of consolidation with time. |t is interesting to note from
this graph that during the periods of quiescent
consol i dation, the values increased, while during periods of
filling, the average degree of consolidation tended to
decrease. Also, it should be noted that during the first
period of quiescent settling, the deposit almst became
fully consolidated.

Figure 6.26 conpares the 1 year void ratio profile for
pond 3a and shows excel |l ent agreenent.

Pond 3b. Figure 6.23 (2) shows a pond filled in two 6
month increments separated by a 6 nonth qui escent increment
with clay at a void ratio of 14.8 during the first increment
and at a void ratio of 22.82 during the second increment,
with a filling rate of .0656 ft/day.

The Sonmogyi analysis for this pond was performed in
simlar fashion as pond 3a. Figure 6.27 displays the
progress of consolidation with tine. This figure shows
excel l ent agreement between all three runs during continuous
fill and a slight disagreement between the Sonpbgyi runs and

the UF-McGS run during quiescent consolidation. Thi s
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difference may be pinpointed to the fact that when the FLINS
out put becones the QSNS input, the new "starting height of
pond" is recalculated based on the |ayer thickness inputted
by the user as obtained from FLINS. For the 200 filling
steps/year case, the final height given by FLINS disagreed
with the starting height of QSNS by .6 ft. Furthernore, pond
3b has a void ratio discontinuity because the solids content
for the top layer is different fromthat for the | ower
| ayer. The Sonmogyi nodel assunes that the solids content at
the surface of an existing deposit is identical to that
attained by the new material after deposition (Somogyi et
al.,1981), while the UF-MGS nodel sinply approxi mtes the
boundary condition by interpolating the boundary solids
content. Thus, the Somogyi nodel has stability problens for
this analysis (500 filling steps/yr did not converge).

Figure 6.28 shows a plot of the average degree of
consol idation vs. tine. This figure shows the sane trends as
figure 6.25. However, since the solids content for pond 3b
I's higher than for pond 3a, the progress of consolidation is
sl ower and a pronounced |ocal peak is observed during
filling at 11 % solids content.

Figure 6.29 presents the void ratio profile of pond 3b
after one year for the Sonmogyi and UF- MCGS nodel s. There

results show an excellent agreenent.

Two Layver Quiescent Consolidation

Ponds 4a and 4b. Figure 6.30 elucidates ponds simlar
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to 2b, and 2c; however instead of a sand surcharge, these
ponds are subjected to a surcharge load by a 6:1 sand/clay
cap with different properties fromthe underlying waste
clay. Because of the different |ayers of material, it is
I mpossible to obtain the time of consolidation using the UF-
McGS nodel ; however,the height of the pond may be obtai ned
by analyzing the bottom | ayer, considering the top as
surcharge, and then considering the top |ayer as
consol idating by itself, since properties are available, and
addi ng the change in height for each layer.

Table 6.3 presents the final heights obtained for the
UF- McGS and Sonmogyi nodel for both ponds 4a and 4b, as well
as the closed form sol ution. There comparisons show

excel | ent agreenment between all three methods.
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Table 6.3. Summary of Results for Symposium Ponds with
Sand /Clay Cap

Final Height

(ft)

6/1 Sand Clay Cap

UF-McGS 3.26
Somogyi 3.25
Closed Form Solution 3.20
Pond 4a

Waste clay with Surcharge

UF-McGS 8.53
Final Height = Sand Clay cap + waste clay = 11.78 ft.
Somogyi 8.40
Final Height = 3.25 + 8.40 = 11.65 ft.

Closed Form Solution 8.35
Final Height = 3.20 + 8.35 = 11.55

Pond 4b

Waste clay with Surcharge

UF-McGS 13.00
Final Height = Sand Clay cap + waste clay = 16.25 ft.

Closed Form Solution 12.58
Final Height = 3.20 + 12.53 = 15.78 ft.
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CHAPTER SEVE
CONCLUSI ONS  AND RECCNNENDATICNS

Review of (bjectives

The nmajor objectives of this study were as follows:

To nodify an existing piecew se |inear conputer
program

To conpare spatial vs. reduced representation finite
strain non - linear consolidation theory.

To predict a series of nodel ponds to be discussed
at the "Synposium on Consolidation and Disposal of
Phosphatic and Qther Waste days," Lakeland, 1987

To develop a nmultiple layer piecew se |inear |arge

strain consolidation nodel

Concl usi ons
Al'l valid large strain consolidation equations can

be derived from a single general equation.

Spatial piecew se |linear theory and CGEH theory are
i dentical and only differ in the coordinate system
used for solution.

Spaci al piecew se linear programs are nore versatile
t han GEH programs since they can model non-
homogeneous deposits.

The UF-MGS and the Somogyi nodels show excell ent
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lo.

11.

12.

agreement for quiescent consolidation, quiescent
consolidation with surchérge, and continuous fill

with uniform solids content.

. The Somogyi model is consistently faster <than the

UF-McGS model; however, the latter executes within
30 minutes of the Somogyi model, unless cut into
many layers (over 30), or modelling initial filling.
For gquiescent consolidation, the UF-McGS is most
efficient and very accurate at 20 layers and 25
points defining the material parameter curves.

For gquiescent consolidation, the Somogyi model is

very efficient at 50 layers and 100 time steps/yr.

. At values higher than 10, the number of points

defining the material parameter curves for the UF-
McGS have no significant bearing on the accuracy of
predictions.

Fixing the « parameter to the rapid convergence
value of .16 in the UF-McGS model may create large
time steps which may not properly account for
nonlinearity.

When predicting the height of pond for continuous
£fill, the Somogyi model is very accurate at 200
filling steps/yr, while the UF-McGS model predicts
accurately at 30 layers.

Sand caps applied as sucharge over waste clays
lengthen the time for consolidation.

When modelling intermittent £ill situations, the UF-
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MGS nodel is nore versatile than the Somogyi nodel

because it allows several filling conditions in one
anal ysis, while the Somogyi nodel only allows one
filling or quiescent condition at a tinme.

Reconmmendat i ons
The authors recommends expansion of the UF-MGS nodel

into nultiple layers, utilizing the nodel presented
herein.
Since computer modelling predictions are very

susceptible to variation of the material
perneability parameters C and D, it is recomended

t hat experimental research be pursued to inprove

this relationship.
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APPENDI X A
DER VATION OF VO D RATIOS AND BUOYANT UNIT VEI GHTS
USED IN THE UF-MGS PROGRAM

Void Ratio

Volume of Veoids _ Vv
Volume of Solids Vs

Volume of Water (Saturated Medium)=Vw

Volume of Clay (Vc) + Volume of Sand (Vs) +
Volume of Other Solids (Vos)

Sand/Clay Ratio (SCR) _ Weight of Sand _ Ws

Weight of Clay = Wc

Other Solids/Clay Ratio (OSCR) _ Weight of other Solids

" Weight of Clay

Solids Content (Sc)_ We

We + Ww

e = VW
Ve + Vs + Vos

v, = Ws = G«
1 Vs 1l'w

74 = WC = G,y
2 Ve 2°'w

(B.1)

(B.2)

(B.3)

(B.4)



G, = specific gravity of sand
G, = specific gravity of clay
G, = specific gravity of other solids

By rearranging equations B.2, B.3, and B.4 in terms of
the volune, and substituting into equation B.1, the
following equation may be obtained for the void ratio

o= 1 - sc (B.5)
S¢ {1/G, + SCR/G, + OSCR/G,)

Assuming the total weight of a soil element = 1

1l =Ww + We + Ws + Wos

-
It

Wec(l-Sc) + Wc(OSCR) + Wc(SCR) + Wc
Sc

Sc = We [ 1 + Sc(OSCR) + Sc(SCR) ]

Buoyant Stress
The buoyant unit weight may be expressed as

-y (B.6)

= total unit weight
Also, the total unit weight may be expressed as

= W
Vw + Vos + Vs + V¢

T



Rearranging equations B.2, B.3, and B.4 in terms of the
vol ume, and substituting into equation B.6, the follow ng
equation nmay be obtained for the buoyant unit weight

7b = L : =
Sc 1-S¢c + SCR +0SCR + 1
7w(1+Sc (OSCR)+Sc (SCR})
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